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RENORMALIZATIONS OF CIRCLE HOMEOMORPHISMS WITH A
BREAK POINT*

AKHTAM DZHALILOV!, ABDUMAJID BEGMATOV?

ABSTRACT. Let fo(z) = Fo(x)+0 (modl),z € S*, 0 € [0, 1] be a family of preserving orientation
circle homeomorphisms with a single break point xj, i.e. with a jump in the first derivative Fp

at the point = xp. Suppose that Fg(z) is absolutely continuous on [zy, zs + 1] and Fy' (x) €
La([0,1]) for some o > 1. Consider fs with rational rotation number py = £ of rank n, i.e.
% = [k1, k2, ..., ks]. We prove that for sufficiently large n, the renormalizations of fy is close to

. . . . . 1
certain convex linear-fractional functions in C*+L .
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1. INTRODUCTION

Circle homeomorphisms constitute one important class of one-dimensional dynamical systems.
The investigation of their properties was initiated by Poincaré [7], who came across them in his
studies of differential equations more than a century ago. Since then interest in these maps never
diminished. Circle maps are also important because of their applications to natural sciences (see
for instance [2]).

We identify the unit circle S! = R!/Z! with the half open interval [0,1). Consider the one-
parameter families of the orientation preserving circle homeomorphisms

fo(z) = Fy(z) 4+ 0 (modl), z € St, 6 € [0;1], (1)

where the initial lift F : R! — R! satisfies the following conditions:

(a) Fp is continuous and strictly increasing on R!;

(b) Fo(0) =0, Fy(x + 1) = Fy(z) + 1, = € RY;

(c) there is a point x, € S! such that the one-sided derivatives F})(x, & 0) exist, are positive and
Fg(zy — 0) # Fy(xp, + 0);

(d) F{ is absolutely continuous and strictly positive on [y, xp + 1];

(e) Ff € L*([0;1], d¢) for some a > 1, where ¢ is Lebesque measure on the circle.

The conditions (d) and (e) are called the Katznelson and Ornstein’s smoothness conditions.
The point x;, is called a break point of fy. The ratio
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is called the jump ratio of fy at xp or, for short, fg-jump ratio. Notice that the parameter
o = o(xp) is obviously an invariant under smooth coordinate transformations and characterizes
the type of the singularity.

Put Fy = Fy + 0, 0 € [0,1]. The rotation number py of fy is defined by (see [1] for details)

F'fl

po = lim Fiz) (mod1),
n—oo n

where the limit exists for all € R! and is independent of z. Here and later, ™ denotes the

n — th iteration of F.
The familes like

Ag(x) =z + QL sin(2mx) + 6 (modl)
T

were studied for various constants c. For ¢ < 1 the maps are diffeomorphisms and there is a
result in [3], which says that the rotation number is absolutely continuous as a function of 6.
When ¢ > 1 the maps are non homeomorphisms and have no rotation number. In this case,
both endpoints of rotation interval are rational almost everywhere w.r.t Lebesgue measure.
Notice that the results are quite different if the family (1) has singularity points. Swiatek in [8]
studied the family (1) with several critical points. It is proved that the set of parameter values
corresponding to irrational rotation numbers has Lebesgue measure zero. In other words, the
intervals on which frequency-locking occurs fill up the set of full measure. Khanin and Vul in [6]
studied renormalizations and rational rotation numbers of the family (1) with single break point
zy, such that fy € C?¢(S*\ {xp}). On one hand, the set of the parameter values corresponding to
irrational rotation numbers has a zero measure, and the dynamics is characterized by nontrivial
scaling transformations. On the other hand, similar to the case of circle diffeomorphisms (see
[5]), the renormalizations group behavior of such maps is rather simple. In the renormalized
coordinates, the iterations of fy approximated to linear-fractional transformations in the norm
|- llc2(s1\(ay)) (see [6]).

In this paper, our purpose is to study the family (1) with a single point, but with a weaker
smoothness condition for fy.

It is easy to see that py is the increasing function of 6. Note that for each rational number a
the set I(a) = {0 : pg = a} is a nontrivial closed interval and I(a) consists of only one point if
a is irrational.

The main idea of the renormalization group method is to study large time iterates of the
original mappings in a rescaled coordinate system corresponding to some neighborhood of a given
point. Let g € [0,1] be an arbitrary rational number of rank n, i.e % = [k1,kay ooy k], kn >
1. Since the rank of g equals n we put p, := p and ¢, := ¢q. Let us fix some 0 € I(Z—:)
and denote F' = Fy and f = fp (we omit the parameter 6 in the sequel). Let O¢(t,qn) =
{f{(t),i = 0,1,...,q, — 1} be an arbitrary periodic orbit of f of period g,. Denote by [y1,ys]
the closed interval formed by two consecutive points of orbit O(t,¢,) and containing the break
point xp of f. We introduce the renormalized coordinate z on [y1,y2] given by the formula
z = (x —y2)/(y1 — y2). It is clear that the normalized coordinate z changes from 1 to 0, when
x is moving from y; to y». Denote by d the renormalized coordinate of break point xp, i.e.
d=(zp —y2)/ (Y1 — y2)- )

Now, we define the function f,,, corresponding to F* in this new coordinate by:

_ Fqn _|_ z — i _
) _ (y2 (yl y?)) Y2 pn7 e [
an yl —_ y2

0,1]. (2)
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The least map is called n — th renormalization of f on the interval [y1, y2]. Next, we define the
piecewise fractional-linear function Gg4,, on [0, 1] by the formula:

0 ifz€(0,d],
Gan(z) = ( a)zzid((lfaz))Jr if (3)
o(c—1)z+d(1—02)+0o’ I z € (d, 1]

The main purpose of our paper is to prove the following:

Theorem 1.1. Let {fg : 0 €10, 1]} be the family of circle homeomorphisms defined by (1)

with the initial lift Fy satisfying the conditions (a)-(e). Then, for any € > 0 there exists N =
N(e, Fy) > 0 (which doesn’t depend on choice of periodic orbit), such that if f belongs to this

family and its rotation number p = z—: is rational with rank n, n > N the following estimates
hold:

1 fom — Galleqoa)y <& fon—GallLroa),a <€
Remark 1.1. Using the assertions of Theorem 1.1 it can easily be shown that

! !/
sup ‘fp,n_Gd| S €.
z€[0,11\{d}
2. DYNAMICAL PARTITIONS OF CIRCLE HOMEOMORPHISMS
WITH RATIONAL ROTATION NUMBER

Let f be an orientation preserving homeomorphism of the circle with rational rotation number
p = % = [k1, k2, ..., kn]. For 1 < m < n denote by % = [k1, k2, ..., km], the convergent of %.
Their denominators g, satisfy ¢m+1 = km+1gm + gm-1, 1 <m <n—1, ¢qo =1, ¢ = k1. Since
the rotation number p = Z—: is rational homeomorphism f has at least one periodic orbit of
period ¢, (see [1]). Let Of(t,qn) = {f(t),i = 0,1,...,q, — 1} be a periodic orbit of f of period
¢n- For an arbitrary point zg € O(t, gn), denote by A(()m) (x0) the closed interval with endpoints
zo and x4, = fx9, 0 < m < n—1. If m is odd then x4, is to the left of xy, and to the
right of zy if m is even. Denote by Agm) (o) the iterates of the interval Aém) (zop) under f:

Al (x0) = fiA(()m) (x0),i > 1, 0 <m < n—1. It is well known that each of the following

1
system of intervals

&m(@o) = { A"V (@0), 0 i < gms AT (@0), 0<j < gmor [ 1<m <,

n(w0) = { A" (o), 0< i< gn}

cover the whole circle and that their interiors are mutually disjoint. The partition &, (zo)
is called the mth dynamical partition of the point zy. We briefly recall the structure of the
dynamical partitions. The passage from &, (x¢) to &m+1(z0), 1 < m < n — 2 is simple: namely,
all intervals of rank m are preserved and each of the intervals Agmfl) (20), 0 < i < g, is divided

into (kp+1 + 1) intervals: Agm_l)(xo) = A§m+1)(x0) U U’gggl” Agfgm,ﬁsqm (o). Note that the
(n—1)

; (z9), 0 < ¢ < g, — 1 are periodic points of f of period g,. Also
each interval of partition &, (z¢) is periodic of period g,. The following lemma plays a key role
for studying metrical properties of the homeomorphism f.

endpoints of intervals A

Lemma 2.1. Let f be a circle homeomorphism with lift F' and rational rotation number py = g—z
of rank n. Let the finite derivatives F'(xy +0) > 0 exist and let F € C([xp, zp + 1]) and

VaT [z, x,+1] log F/ = v < co. We write

v =10+ | log F'(zp, — 0) — log F'(xp + 0) |= 0 + 2log o(zy).
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In this case, the inequality
qr—1

e < ] Fllas) < e (4)
s=0
holds for any 1 < k <n and g € S such that x; # xp,i = 0,1,2, ..., n.

The last inequality is called the Denjoy inequality. The proof of Lemma 2.1 is just like that
of the similar assertion for diffeomorphism (see for instance [5]). Using Lemma 2.1 it can easily
be shown that the lengths of the intervals of the dynamical partition &, are exponentially small.

Corollary 2.1. Suppose that A®) ¢ AW € &(xq), A®) € &,(x0), 1 <1 < k < n. Then for some
constant My > 0

(AR < MAF11(AD), (5)
where A = (14 e~ 2)71/2 < 1.

3. PROOF OF THEOREM 1.1

Consider the dynamical partition generated by periodic orbit O¢(t, g,). By assumption [y1, 2]
is the closed interval formed by two consecutive points of O¢(t,¢,) and containing the break
point xp. We put xg = y;1. Consider the partition &, (zg). It is clear that Aén_l)(xo) = [y1, 2]
and f" A(()n_l)(mo) = A((]n_l)(xo). It follows from Corollary 2.1, that the intervals of the dynam-
ical partition &,(xg) have exponentially small length, i.e. Z(Aén_l)(mo)) < constA\™, X € (0,1).
Note that the function f,,(z) can be represented as the superposition of two functions, f; and
fo, which correspond to the mappings f : Aénfl)(xo) — Agnil)(:co), fanl Agnil)(xo) —
Aé:fl) (xg) = Ag"fl)(xo), respectively. We introduce relative coordinates z;, i = 0,1,...,¢q, — 1,

in the intervals Agnfl)(z‘o)

2= (@) = Flw))/(F ) = Fiye)s @€ AT (o).

Then the functions f; and fo can be written as
z fy2 + (y1 — y2)20) — f(y2)

fl(z()) = f(yl) — f(y2) ) (6)
Falz1) = F S w2) + (F) = fy2))21) —y2. .
Y1 — Y2
It is clear that f,,(2) = f2(f1(2)). Define the following functions:
o | matarae 2 € (0.4,
)= oy )= { Clo’) i 2 e (d,1). ®)

Gn—2 "
We put M,, = exp{ >, [ g f’((z/)) dy}. From now on we shall denote by K constants that
i A(nfl)

depend only on the originazl family fy. Next, we formulate two necessary lemmas.
Lemma 3.1. For any € > 0, the following relation holds for sufficiently large n
21 My, exp (21
fne1(21) = B 0
1+ z1(Myexpp(z1) — 1)

where the function 1,(z1) and its derivatives satisfies the following inequalities:

< — 227 <
oax |m(z)l e max [(z1 —21)m(21)] < e, (10)
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IOl oan,a0) < & (210 = 20)m (20l o,y a0 < € (11)
Lemma 3.2. The following estimates hold for sufficiently large n
11 = Ralleqoay < EXP, |1f" = Rillio.), a < KA7, (12)

I3

where X is the same as in Corollary 2.1 and 3 = %5.

For an easy flow of our presentation, we shall prove these two Lemmas at the end of this
section. So we continue our proof of Theorem 1.1. It is not hard to show that fa(21) = 24, —1(21)-
Using the last relation and Lemma 3.1, we obtain

= anl
- 2M, (1 — M,)
1f"2(21) — (0t 21 (M, — 1))3||L1([0,1}, ) < €. (14)

It is clear that

qn—2
" (y) f"(y) f"(y)
In M, = dy =1 — dy — dy. 15
nMh =) A B U B L
A () AS D () A ()

qn—1

Thus, we have

f"(y) 1" /8
dy| < K NP for, k=0,q, — 1
| S| <K

I(Cnfl)(xo)

Together with relations (13)-(15) this implies that

1f2 = gllerqoay <& 17— 9" o), o) < e
So, the relation f, ,,(z) = fa(f1(2)) and Lemma 3.2 imply the proof of Theorem 1.1.

Proof. Lemma 3.1. Denote a; = fi(y1), b; = fi(y2), z; = fi(z), i =1,2,...,qn — 1. Then we
get

Zig1 = (Tit1 — biv1)/(air1 — bit1). (16)
It is easy to check that
v = fla) = Fla) + F(ar) (i — /ﬂ’ )dy.
biar = F(b) = (@) + I'(ai) (b — o /f’ )b — y)dy,

by definition a;+1 = f(a;). Substituting this into (16) we get
Zi+1 :ZZ(1+AZ(zZ_1))> t=1,2,.,qn — 1, (17)
where

b;
m f ")y — a;)dy + m f () (bi — y)dy

R fﬂ' (bi — y)dy



A. DZHALILOV, A. BEGMATOV: RENORMALIZATIONS OF CIRCLE ... 59

We denote
qn—2
Tn(21) = Z wia
i=1
where
b;
/(y) LA N
a d = —Xi —In | T—/——————= =1,2,.. — 1.
Xi 2f’(y) Y, Ui Xi n 1+A¢(Zi—1) , 1 32, Qp,
a;
Using (17) we obtain
l—zipn  1—z 144 1—z
Zit1 % 1+ A4(z-1) = p{—x:} exp{—¢s} (19)

Taking iteration of (19) we get

qn—2 n—2
1—24-1 1—2 < <

= exp{ Z Xz}eXp{ Z @Z)z} =

Zgn—1 21

1
21 Mn expT(21)

(20)

Solving equation (20) with respect to 2,1 we obtain the relation (9).
Let us estimate 7,(z1). First we estimate A;. Denote by V; the second term of the denominator
of (18). Since f”(x) € L,([0,1], d¢) applying the Holder inequality we obtain

4 ; 1" —a 1f"[la (b'_ai>1+%
’Vl'gf%ai)(bi—az-)/f W= 90N = 5o b= a1+ 5

@l

< K(bj —a;)b. (21)

Analogously, it can be shown that the absolute values of both terms in (18) are not greater than
1

K (b; — a;)?. Let us recall that [a;, b;] € &,(xo) and £([a;, b)) < KA, i =0,1,...,¢, — 2. This,

together with the expression for A; imply that |A;| < ConstA?. Next, we rewrite 7,(21) in the

form

qn—2 Gn—2 1+AZ Gn—2 Gn—2
i N o 2
SRR (oot EETEUED TR ST A
i=1 1=1 i=1
We estimate the last sum in (22). Note that each term of (18) containing an integral is not

greater than f |f”(y)|dy. Using the estimate for A;, it can easily be shown that

n—2
> O(A}) < K5, (23)
i=1

We rewrite the second to the last sum in (22) in the following form

qn—2 qn—2 Qn 2

S-S 50 S iy [ rou-en - [ e -
qn— bs bs "
—Z it [ o5 [ L] (21)
an—2 . ’ by

// 1 1" R
+Zl+V ag) (@ — a3) /f _azdy—i_f(i)(bi—a:i)/f(y)(b’ y)dy

T
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The first after the sign of equality sum equals to (—In M,). Since |V;| < K7, the last sum is
not greater than K A%. Together with relations (22)-(24), the last inequality implies that

qn—2
_ // fll(y)
e Sl e s / rw=eis = |y - (25)

i=1

Q\S

qn—2
// " (y)
_Z f/ az b _xz /f d _/2f(y)dy +O( )

T
Denote by S,, and S, the last two sums in (25) respectively. Then, we show that for any e > 0,
the following estimates hold for sufficiently large n :

1Snl, |Sn] < Ke. (26)

We prove only the estimate for S,,, the one for S, is quite similar. Rewrite the sum S, as

an—2 1" .
Z / f z <xz - sz ;> dy+ (27)

=2 f//

z/ T

/f” tydt | dy =S + 82,
i=1

Using the condition f”(x) € Lo (S, dl), o > 1, and the Holder inequality, it can easily be shown
that

qn—2 Ti

SPI<K Y / £ ()ldy sm%. (28)

Let us estimate the sum S, Fix an arbitrary € > 0. Since f”(x) € Lo(S1, dl), it can be written
in the form

() = he(x) +re(x), 2 € S, (29)
where h(z) is a continuous function on S* and ||7.||;1 < e. Substituting (29) in expression for

Sy(Ll), we obtain

5] < qfl/m Y= Dyl (30)
n > £ f/(ai) e\Y . D) Yy

€T

Gn—2 o
Z 7(a / Te )(i_asi —%)dy =P, +Qp.

First, we estimate the sum P,. Denote by t; the middle of the interval [a;, z;] i.e. t; =
We rewrite the sum P, in the following form

Tita;
7

qn—2 t n—2 z;
_ 1 Y= y—ai 1
P X e [ MO0 - P X / WG %)

a;
Applying the Mean Value Theorem we obtain

an _2 tl

‘5 Z —a; 1
Zf’ /i_al—dy—sz/ 2 /xz—zi_Q)dy = (31)
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n—2 gn—2

Ti — a4 i i T — n
_ z; 167 (ay) 1) — he(€)] < Z 16f,( ) W™ he,faz,b]) < K max | w(\" he, [ag, b)),

where w(\", he, [a;, b;]) = sup |h5(§2) — he(€8)] is the "modulus of continuity” of h.. Since A €
(0,1), we have w(A", h.) — 0, as n —ox . Next, we estimate the sum @,,. It is easy to see that

@m—2 "

QnSKZ/!ra rdy<K/m )ldy < Ke.

Hence, the relations in (26) are proved. Then, summing (22)-(26), we obtain the first relation
n (10).

Let us prove the second relation in (10). Note that there exists a constant Cy > 0 such that
the following inequalities hold for all 4, 1 = 1,2, ..., ¢, — 2,

1 < 21(1 Zl) < 02’ i < dzl-
02 z( Zi) Cy dzy

Notice that the function Cf;ﬁ? is defined almost everywhere. Using (18), we calculate the derivative

of 'Lﬁz by Zi .

< (Oj. (32)

d; A% — Al (33)
where dA dA; d dA
A — i i Qi _ .~ a; i
v dz; dz; dz; (b “ ) dx; ’
1 o 1 b
dA. Wf_f”(?ﬂ(y—ai)dy—Wf_f”(y)(bi—y)dy
dx-z = ! i . (34)
1+ 7atay ff’ —y)dy
Using (23), (28), (32)-(34) we obtain
qn—2
dy; dz;
(21 = 2)m(21)] = |(21 = 27) Z 0z, do) (35)

qn_2

<K (2 /f” Errnell] —/f” —Y il +ONB).

i=1
Denote by FE,, the last sum in (35). Using relation (29) we rewrite E,, in the following form

g bi

2 Y —a bi—y
E, = ;(zi_zi)(bi_ai) /hs(y)@i_ai)gdy—/ha(y)wdy +
Gn—2 o y—a bi bi—y
)y — (1= 2) | ) 2Ly | = ED + . 36
o [rf=a— e [rop = Lal = B0 B2 @

(1)

First, we estimate the sum Ey, ’. Applying the Mean Value Theorem again we get

qn—2

) <K Z a;)|he(€)) — he(€3)] < (37)
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Qn_Q

<K Z w(\" he) < K ?%X_QW(A he, [ai, bi]).

(2)

Let us estimate Ej,

—o [ i b;
(2) <« = - <
B <3 3 | [l [inwia| <5 [inwlar<S
= Ly T St

This, together with (35)-(37) imply the second relation in (10). Now, we prove the first relation
n (11). Using the same arguments as in (35), we can show that

. It is easy to see that

1
/ r(en)ldan < )

Llg,—2

<K (bi — a;) o)LLy — [ ()L dy| | dz1 + O(NF).

_/Z; a/f i —a;)? /f b—ﬂ:zy 2+ 00%)
07/

Using relations (32), it is easy to see that
1

[ menida < (39)
0

Gn—2

<KZ/ /f” el —/f” —Y o da; + O(\F).

We denote by I,, the last sum in (39) and estlmate it. Using the representation (29), we get

a2 bi| bi
I < ;a/ !hs(y)mdy—!ha(y)(bb_g)dy di+ (40)
=2 Y| n—2
—i—;//m()( dydatz—i—Z//ra b_;j)dydxz
It can easily be sho(:fnatlhat the first sum in (40) is not Zgreater than
1<?é%x72w()\ he, [ai, bi]). (41)

Denote by L(Ll) the second to the last sum in (40). Applying the Holder inequality we obtain

-2 Y
1
I7(11) = E / 7(;8 a2 /rg(y)(y—ai)dy dz; <
i=1 a 1 (2

1
-2 b @
<K Y [@i-a)? /m Wedy | d <
=1
a;
1 1
qn—2 b * qn—2 b
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Analogously, it can be shown that the last sum in (40), is also not greater than K ea. Together
with (38)-(41), this implies the first relation in (11).

Let us prove the second inequality in (11). It is not too hard to show that there exists a
constant C3 > 0 such that for all 7,1 <+¢ < ¢q, — 2

1
/ (42)
0
Note that the function d;;éi is defined almost everywhere. By differentiating (33) we get
d*; B 24; AL — AY B 2(Alz + a;)  diy B (dwi)g (43)
dzl.2 - (1 + Azzz)(l + Az(zz — 1)) 14+ A;z; dz; dz; ’
where
d’A; d’A;
Al = = = (b — a;)*——. 44
Finally, differentiating (34) gives
pa,  Taemay JU@) =IO —a)dy + iy f — ")~ v)dy
dx% N
1+ ]‘(7-—%[]”/( Y)Yy — ai)dy
(45)

Using the relations (10), (11), (43) and (45) it can easily be shown that

1
=2 9 2
d*i  dzi o | d; d*z;
0 =

1
n—2
_K/ (21—Z%)Z(bz‘ az)2 2 + Ke <
0 =1 l
I Q7L_2 b — 2 i yia'
2 1 7 " " 1
R D o N R O P e
0 = a;

I Gn—2 . 2 bs L
w6 [l - X (B8] 1) - oy =L | da +
0 1 (2 (2

The proof of the second relation in (11) proceeds now exactly as in the previous case. This
concludes the proof of Lemma 3.1. O

Proof. Lemma 3.2. It is easy to check, that

f(@) = fly2) = f'(@p + 0)(z — y2) + /f"(y)(y —y2)dy, zp < x < Y,

f(@) = f(xp) = f'(xp — 0) (@ — x3) /f” y—xp)dy, y1 <z < Ty,
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Fln) — Fa) = F(wy — 0) (g1 — m) + / F(9)(y - o)y,

Y2
o) = ) = £ o+ 0)av =) + [ £ ) = )y
Ty
This together with (6) imply that
zo+Hi(z)
fiz0) = { A & € (46)
(oA —0 xr
P-a g 20 € (d1],

where

Y2
]‘ 1
() = ) / Fw)y — y2)dy, = € [z, 2],

1 i 1
Hy(z) = Pl +0) w1 — ) !f (W) (y — xp)dy, z € [y1, 7,

Y2

/ )y — y2)dy.

Th

1 v B 1
B = e 0 — ) / Py =m)dy. Ha = s o =)

Because E(Aéﬂfl)) < A", using the condition (d) and Holder inequality we find that the relation

Y2

/ W)y — y)ldy < KB (47)

T

|H1($)| < f/(l’b +0)(y1 - y2)

holds for all = € [y;, ). Analogously, it can be shown that the following inequalities
|[Hy(x)|, |Hs|, [Hal < KA (48)

for all € (zp, y2]. Summing (46)-(48), we get the first relation in (12). We have

1 (20) = J" (2 + z0(y1 — y2)) (Y1 — y2)? _ 1 "2 + 20(y1r — y2)) (y1 — o)
Fy) = f(y2) [y +0) o*(1—d)+d+ Hz + Hy
for almost all zy. Since the inequalities
d 1
[1Fteolaz, [ 19 Goldz < K23
0 d

hold, also in the case (47) this proves the second relation in (12). Lemma 3.2 is completely
proved. O
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